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Abstract
We consider a class of so-called ring Q-mappings that are a generalization of qua-
siconformal mappings. Theorems on the local behavior of inverse maps of this class
are obtained. Under certain conditions, we also investigated the behavior of families of
these mappings in the closure of the domain.
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1 Introduction
The paper is devoted to the study of quasiconformal mappings and mappings with finite
distortion, actively studied recently (see, e.g., [1]–[6], cf. [7].
LetM be the modulus of family of paths (see [6]), and dm(x) corresponds to the Lebesgue
measure in Rn, n > 2. Given sets E, F and D in Rn = Rn ∪ {∞}, Γ(E, F,D) denotes the
family of all paths γ : [0, 1] → Rn such that γ(0) ∈ E, γ(1) ∈ F and γ(t) ∈ D for all
t ∈ (0, 1). In what follows, the boundary and the closure of the set are understood in the
sense of Rn. Let x0 ∈ D, x0 6= ∞,
S(x0, r) = {x ∈ R
n : |x− x0| = r} , Si = S(x0, ri) , i = 1, 2 ,
A = A(x0, r1, r2) = {x ∈ R
n : r1 < |x− x0| < r2} .
Let Q : Rn → Rn be a Lebesgue measurable function, Q(x) ≡ 0 in Rn \ D. A mapping
f : D → Rn is said to be ring Q-mapping at the point x0, if
M(f(Γ(S1, S2, D))) 6
∫
A∩D
Q(x) · ηn(|x− x0|) dm(x) (1.1)
1
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holds for each 0 < r1 < r2 < d0 := sup
x∈D
|x− x0|, and any measurable function η : (r1, r2) →
[0,∞] such that
r2∫
r1
η(r)dr > 1 (1.2)
(see, e.g., [8], cf. [9]). We say that f is ring Q-mapping at∞, if f(x/|x|2) is a ring Q(x/|x|2)-
mapping at the origin. A mapping f : D → Rn is said to be ring Q-mapping in E, E ⊆ D,
if (1.1) holds for every x0 ∈ E. If, in addition, f is a homeomorphism, we say that f is ring
Q-homeomorphism in E.
The main definitions and notations used below can be found in monographs [6] and [10],
and therefore are omitted. Recall that the domain D ⊂ Rn is called locally connected at the
point x0 ∈ ∂D, if for every neighborhood U of a point x0 there is a neighborhood V ⊂ U
of a point x0 such that V ∩ D is connected. The domain D is locally connected in ∂D,
if D is locally connected at every point x0 ∈ ∂D. The boundary of D is called weakly flat
at a point x0 ∈ ∂D, if for every P > 0 and every neighborhood U of the point x0, there
is a neighborhood V ⊂ U of x0 such that M(Γ(E, F,D)) > P for all continua E, F ⊂ D,
intersecting ∂U and ∂V. The boundary of the domain D is weakly flat, if it is weakly flat at
every point of ∂D.
Let (X, d) and (X ′, d ′) be metric spaces with distances d and d ′, respectively. A family
G of mappings g : X ′ → X is said to be equicontinuous at a point y0 ∈ X
′, if for every
ε > 0 there is δ = δ(ε, y0) > 0 such that d(g(y), g(y0)) < ε for all g ∈ G and y ∈ X
′
with d ′(y, y0) < δ. The family G is equicontinuous if G is equicontinuous at every point
y0 ∈ X
′. In what follows, we consider that X = D, where D is a bounded domain in Rn,
and d(x, y) = |x − y|. Besides that, X ′ = D ′ or X ′ = D ′ depending on the context, where
D ′ is a domain in Rn, and d ′(x, y) = h(x, y),
h(x, y) =
|x− y|√
1 + |x|2
√
1 + |y|2
, x 6=∞ 6= y , h(x,∞) =
1√
1 + |x|2
.
Given a set E ⊂ Rn, we put
h(E) := sup
x,y∈E
h(x, y) , (1.3)
where h(E) is called the chordal (spherical) diameter of E. Given domains D,D ′ ⊂ Rn,
n > 2, and Lebesgue measurable function Q : Rn → [0,∞], Q(x) ≡ 0 for x 6∈ D, denote
RQ(D,D
′) the family of all homeomorphisms g : D ′ → D of D ′ onto D such that f = g−1
is ring Q-homeomorphism in D. The following assertion is valid.
Theorem 1.1. Let D be a bounded domain in Rn. If Q ∈ L1(D), then the family
RQ(D,D
′) is equicontinuous in D ′.
Given δ > 0, domains D and D ′ ⊂ Rn, n > 2, a continuum A ⊂ D and Lebesgue
measurable function Q : Rn → [0,∞], Q(x) ≡ 0 for x 6∈ D, denote Sδ,A,Q(D,D
′) the
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family of all homeomorphisms g : D ′ → D of D ′ onto D such that f = g−1 is ring Q-
homeomorphism in D, wherein
h(f(A)) := sup
x,y∈f(A)
h(x, y) > δ .
The following assertion is valid.
Theorem 1.2. Let D be a bounded domain in Rn. Suppose thatD is locally connected on
the boundary, ∂D ′ is weakly flat, and any connected component of ∂D ′ does not degenerate
to a point. If Q ∈ L1(D), then each mapping g ∈ Sδ,A,Q(D,D
′) have a continuous extension
g : D ′ → D, g|D ′ = g and g(D ′) = D. Moreover, the family Sδ,A,Q(D,D ′), consisting of all
extended mappings g : D ′ → D, is equicontinuous in D ′.
2 Preliminaries
First of all, we establish two elementary statements that play an important role in the proof
of the main results. Let I be an open, closed or half-open interval in R. As usual, for a path
γ : I → Rn, we set
|γ| = {x ∈ Rn : ∃ t ∈ [a, b] : γ(t) = x} ,
wherein, |γ| is called locus (image) of the path γ. We say that the path γ lies in the domain
D, if |γ| ⊂ D. Besides that, we say that paths γ1 and γ2 are disjoint, if their loci do not
intersect. The path γ : I → Rn is called Jordan arc, if γ is a homeomorphism of I. The
following (almost obvious) assertion is valid.
Lemma 2.1. Let D be a domain in Rn, n > 2, locally connected on its boundary. Then
any two pairs of different points a ∈ D, b ∈ D, и c ∈ D, d ∈ D can be joined by disjoint
paths γ1 : [0, 1] → D and γ2 : [0, 1] → D, so, that γi(t) ∈ D for all t ∈ (0, 1), i = 1, 2,
γ1(0) = a, γ1(1) = b, γ2(0) = c, γ2(1) = d.
The following lemma shows that inner points of each domain are «weakly flat».
Lemma 2.2. Let D be a domain in Rn, n > 2, and x0 ∈ D. Then, for every P > 0 and
for any neighborhood U of the point x0 there is a neighborhood V ⊂ U of the same point,
such that M(Γ(E, F,D)) > P for any continua E, F ⊂ D, intersecting ∂U and ∂V.
3 Proof of Theorem 1.1
We prove the theorem 1.1 by contradiction. Suppose, the family RQ(D,D
′) is not equicon-
tinuous at some point y0 ∈ D
′, in other words, there are y0 ∈ D
′ and ε0 > 0, such that for
any m ∈ N there exists ym ∈ D
′, h(ym, y0) < 1/m, and a homeomorphism gm ∈ RQ(D,D
′),
for which
|gm(ym)− gm(y0)| > ε0 . (3.1)
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Let us consider the straight line
r = rm(t) = gm(y0) + (gm(ym)− gm(y0))t, −∞ < t <∞,
passing through points gm(ym) and gm(y0) (see Figure 1). Since D is bonded, by [11, Theo-
Figure 1: To the proof of the theorem 1.1
rem 1.I, Ch. 5, § 46], r = rm(t) intersects ∂D for some t > 1. Thus, there exists t
m
1 > 1 such
that rm(t
m
1 ) = x
m
1 ∈ ∂D. Without loss of generality, we may assume that rm(t) ∈ D for all
t ∈ [1, tm1 ). Now, the segment γ
m
1 (t) = gm(y0) + (gm(ym)− gm(y0))t, t ∈ [1, t
m
1 ], belongs to D
for all t ∈ [1, tm1 ), γ
m
1 (t
m
1 ) = x
m
1 ∈ ∂D and γ
m
1 (1) = gm(ym). Similarly, there are t
m
2 < 0 and
a segment γm2 (t) = gm(y0) + (gm(ym) − gm(y0))t, t ∈ [t
m
2 , 0], such that γ
m
2 (t
m
2 ) = x
m
2 ∈ ∂D,
γm2 (0) = gm(y0) and γ
m
2 (t) ∈ D for all t ∈ (t
m
2 , 0]. Set fm := g
−1
m and fix m ∈ N. Since fm is
a homeomorphism, C(fm, x
m
1 ) and C(fm, x
m
2 ) belong to ∂D
′, where, as usually,
C(f, x) := {y ∈ Rn : ∃ xk ∈ D : xk
k→∞
→ x, f(xk)
k→∞
→ y} ,
see, e.g., [10, Proposition 13.5]). Consequently, there is a point zm1 ∈ D ∩ |γ
m
1 | such that
dist (fm(z
m
1 ), ∂D
′) < 1/m. Since Rn is compact, we can consider that fm(z
m
1 ) → p1 ∈ ∂D
′
as m→∞. Similarly, there is a sequence zm2 ∈ D∩|γ
m
2 | such that dist (fm(z
m
2 ), ∂D
′) < 1/m
and fm(z
m
2 )→ p2 ∈ ∂D
′ as m→∞.
Let Pm be the part of the interval γ
m
1 , enclosed between the points gm(ym) and z
m
1 , and
Qm be the part of the interval γ
m
2 , enclosed between the points gm(y0) and z
m
2 . Consider
Am := A(z
m
1 , ε
m
1 , ε
m
2 ) = {x ∈ R
n : εm1 < |x− z
m
1 | < ε
m
2 } ,
where
εm1 := |gm(ym)− z
m
1 |, ε
m
2 := |gm(y0)− z
m
1 | .
ON RING HOMEOMORPHISMS... 5
Let Γm = Γ(Pm, Qm, D). Let us to prove that
Γm > Γ(S(z
m
1 , ε
m
1 ), S(z
m
1 , ε
m
2 ), Am) . (3.2)
Indeed, let γ ∈ Γm, i.e., γ = γ(s) : [0, 1] → R
n, γ(0) ∈ Pm, γ(1) ∈ Qm and γ(s) ∈ D for
0 < s < 1. Let qm > 1 be a number, such that
zm1 = gm(y0) + (gm(ym)− gm(y0))qm .
Since γ(0) ∈ Pm, there exists 1 < tm < qm such that
γ(0) = gm(y0) + (gm(ym)− gm(y0))tm .
Thus,
|γ(0)− zm1 | = |(gm(ym)− gm(y0))(qm − tm)| <
< |(gm(ym)− gm(y0))(qm − 1)| = |(gm(ym)− gm(y0))qm + gm(y0)− gm(ym))| = (3.3)
= |gm(ym)− z
m
1 | = ε
m
1 .
From other hand, since γ(1) ∈ Qm, there exists pm < 0 such that
γ(1) = gm(y0) + (gm(ym)− gm(y0))pm .
Now
|γ(1)− zm1 | = |(gm(ym)− gm(y0))(qm − pm)| >
> |(gm(ym)− gm(y0))qm| = |(gm(ym)− gm(y0))qm + gm(y0)− gm(y0)| = (3.4)
= |gm(y0)− z
m
1 | = ε
m
2 .
Observe that
|gm(y0)− gm(ym)|+ ε
m
1 = |gm(y0)− gm(ym)|+ |gm(ym)− z
m
1 | = |z
m
1 − gm(y0)| = ε
m
2 , (3.5)
consequently, εm1 < ε
m
2 . Now, we obtain from (3.4) that
|γ(1)− zm1 | > ε
m
1 . (3.6)
If γ(0) 6∈ S(zm1 , ε
m
1 ), then we obtain by (3.3) and (3.6) that |γ| ∩ B(z
m
1 , ε
m
1 ) 6= ∅ 6=
(D \ B(zm1 , ε
m
1 )) ∩ |γ|. Thus, by [11, Theorem 1.I, Ch. 5, § 46] there exists t1 ∈ (0, 1) such
that γ(t1) ∈ S(z
m
1 , ε
m
1 ). Without loss of generality, we can consider that γ(t) 6∈ B(z
m
1 , ε
m
1 )
for t ∈ (t1, 1). Put γ1 := γ|[t1,1].
From other hand, since εm1 < ε
m
2 and γ1(t1) ∈ S(z
m
1 , ε
m
1 ), we obtain that |γ1| ∩B(z
m
1 , ε
m
2 ).
By (3.4), we obtain that (D \ B(zm1 , ε
m
2 )) ∩ |γ1| 6= ∅, so, by [11, Theorem 1.I, Ch. 5, §
46] there exists t2 ∈ [t1, 1) such that γ1(t2) ∈ S(z
m
1 , ε
m
2 ). Without loss of generality, we
can consider that γ1(t) ∈ B(z
m
1 , ε
m
2 ) for t ∈ (t1, t2). Put γ2 := γ|[t1,t2]. Now γ > γ2 and
γ2 ∈ Γ(S(z
m
1 , ε
m
1 ), S(z
m
1 , ε
m
2 ), Am). Thus, (3.2) has been proved.
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Put
η(t) =
{
1
ε0
, t ∈ [εm1 , ε
m
2 ],
0, t 6∈ [εm1 , ε
m
2 ] .
Observe that η satisfies (1.2) for r1 = ε
m
1 , r2 = ε
m
2 . Indeed, by (3.1) and (3.5) we obtain that
r1 − r2 = ε
m
2 − ε
m
1 = |gm(y0)− z
m
1 | − |gm(ym)− z
m
1 | =
= |gm(ym)− gm(y0)| > ε0 .
Now,
εm
2∫
εm
1
η(t)dt = (1/ε0) · (ε
m
2 − ε
m
1 ) > 1.
By the definition of ring Q-homeomorphism at the point zm1 and (3.2), we obtain that
M(fm(Γm)) 6 M(fm(Γ(S(z
m
1 , ε
m
1 ), S(z
m
1 , ε
m
2 ), Am))) 6
6
1
εn0
∫
D
Q(x) dm(x) := c <∞ , (3.7)
as Q ∈ L1(D). On the other hand, h(fm(Pm)) > h(ym, fm(z
m
1 )) > (1/2) · h(y0, p1) > 0 and
h(fm(Qm)) > h(y0, fm(z
m
2 )) > (1/2) · h(y0, p2) > 0 for large m ∈ N, where h(fm(Qm)) is
defined in (1.3) for E := fm(Qm). Moreover,
h(fm(Pm), fm(Qm)) := inf
x∈fm(Pm),y∈fm(Qm)
h(x, y) 6 h(ym, y0)→ 0, m→∞ .
By Lemma 2.2
M(fm(Γm)) = M(fm(Pm), fm(Qm), D
′)→∞ , m→∞ ,
which contradicts the relation (3.7). The contradiction obtained above disproves the as-
sumption in (3.1). Theorem has been proved. ✷
4 On behavior of mappings in the closure of domain
Let us to turn to questions concerning the global behavior of mappings. The following
assertion indicates that, for sufficiently good domains and mappings with condition (1.1),
the image of fixed continuum under mappings can not be close to the boundary of the
mapped domain, whenever Euclidean diameter of this continuum is bounded from below
(cf. [6, Theorems 21.13 and 21.14]).
Lemma 4.1. Let D be a bounded domain in Rn, n > 2, and let D ′ be a domain in
Rn. Suppose that D is locally connected on D, D ′ has weakly flat boundary, Q ∈ L1(D)
and, besides that, any connected component of ∂D ′ does not degenerate to a point. Let
fm : D → D
′ be a sequence of ring Q-homeomorphisms in D of D onto D ′. Let A ⊂ D be
a continuum, and let δ > 0 be a number such that h(fm(A)) > δ > 0 for all m = 1, 2, . . . ,
where h(fm(A)) is defined by (1.3). Then there exists δ1 > 0 such that
h(fm(A), ∂D
′) > δ1 > 0 ∀ m ∈ N ,
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where h(fm(A), ∂D
′) = inf
x∈fm(A),y∈∂D ′
h(x, y).
Proof. Since D is bounded, and fm(D) = D
′, m = 1, 2, . . . , we obtain that ∂D ′ 6= ∅.
Thus, h(fm(A), ∂D
′) is well-defined.
Assume the contrary. Now, for each k ∈ N there exists m = mk : h(fmk(A), ∂D
′) < 1/k.
Without loss of generality, we may assume that mk is increasing sequence of numbers. Since
Rn is compact, ∂D ′ is compact, as well. Note that fmk(A) is a compact set as a continuous
image of a compact set A ⊂ D under the mapping fmk . Now, there exist xk ∈ fmk(A) and
yk ∈ ∂D
′ such that h(fmk(A), ∂D
′) = h(xk, yk) < 1/k (see Figure 2). Since ∂D
′ is compact,
Figure 2: To the proof of Lemma 4.1
we may assume that yk → y0 ∈ ∂D
′, k →∞; then also
xk → y0 ∈ ∂D
′, k →∞ .
Let K0 be a connected component of ∂D
′, containing y0. Obviously, K0 is a continuum in
Rn. Since D ′ has a weakly flat boundary, the mapping gmk := f
−1
mk
extends to a continuous
mapping gmk : D
′ → D for all k ∈ N (see [12, Theorem 3]). Furthermore, gmk is uniformly
continuous on D ′, because gmk is a continuous mapping on the compact set D
′. In this case,
for every ε > 0 there is δk = δk(ε) < 1/k such that
|gmk(x)− gmk(x0)| < ε ∀ x, x0 ∈ D
′, h(x, x0) < δk , δk < 1/k . (4.1)
Let ε > 0 be such that
ε < (1/2) · dist (∂D,A) . (4.2)
Denote Bh(x0, r) = {x ∈ Rn : h(x, x0) < r}. Given k ∈ N, we put
Bk :=
⋃
x0∈K0
Bh(x0, δk) , k ∈ N .
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Since Bk is a neighborhood of K0, by [13, Lemma 2.2] there exists a neighborhood Uk of K0,
such that Uk ⊂ Bk and Uk∩D
′ is connected. Without loss of generality, we may assume that
Uk is an open set, then Uk ∩D
′ is also linearly connected (see [10, Proposition 13.1]). Let
h(K0) = m0, where h(K0) is defined in (1.3) for E := K0. Now, we can find z0, w0 ∈ K0 such
that h(K0) = h(z0, w0) = m0. Hence, we can choose sequences yk ∈ Uk ∩ D
′, zk ∈ Uk ∩D
′
and wk ∈ Uk ∩D
′ such that zk → z0, yk → y0 and wk → w0 as k →∞. We may assume that
h(zk, wk) > m0/2, ∀ k ∈ N . (4.3)
Since Uk ∩D
′ is path-connected, we can join the points zk, yk and wk sequentially by some
path γk ∈ Uk ∩ D
′. Let |γk| be a locus of γk in D
′. Now, gmk(|γk|) is a compact set in D.
If x ∈ |γk|, then there is x0 ∈ K0 : x ∈ B(x0, δk). Put ω ∈ A ⊂ D. Since x ∈ |γk| and x is
an interior point of the domain D ′, we write gmk(x) instead of gmk(x) in this case. By (4.1)
and (4.2) and by triangle inequality, we obtain:
|gmk(x)− ω| > |ω − gmk(x0)| − |gmk(x0)− gmk(x)| >
> dist (∂D,A)− (1/2) · dist (∂D,A) = (1/2) · dist (∂D,A) > ε (4.4)
for sufficiently large k ∈ N, dist (∂D,A) := inf
x∈∂D,y∈A
|x − y|. Letting to inf in (4.4) over all
x ∈ |γk| and all ω ∈ A, we obtain, that
dist (gmk(|γk|), A) := inf
x∈gm
k
(|γk |),y∈A
|x− y| > ε, ∀ k = 1, 2, . . . . (4.5)
Let us to cover the continuum A by balls B(x, ε/4), x ∈ A. Since A is the continuum, we
can consider that A ⊂
M0⋃
i=1
B(xi, ε/4), xi ∈ A, i = 1, 2, . . . ,M0, 1 6 M0 < ∞. By definition,
M0 depends only on A, in particular, M0 does non depend on k. Putting
Γk := Γ(A, gmk(|γk|), D) , (4.6)
we observe that
Γk =
M0⋃
i=1
Γki , (4.7)
where Γki consists of all paths γ : [0, 1] → D from Γk such that γ(0) ∈ B(xi, ε/4) and
γ(1) ∈ gmk(|γk|). Let us to show that
Γki > Γ(S(xi, ε/4), S(xi, ε/2), A(xi, ε/4, ε/2)) . (4.8)
Indeed, let γ ∈ Γki, i.e., γ : [0, 1] → D, γ(0) ∈ B(xi, ε/4), and γ(1) ∈ gmk(|γk|). By (4.5),
|γ| ∩B(xi, ε/4) 6= ∅ 6= |γ| ∩ (D \B(xi, ε/4)). Thus, by [11, Theorem 1.I, Ch. 5, § 46], there
exists 0 < t1 < 1 with γ(t1) ∈ S(xi, ε/4). We can consider that γ(t) 6∈ B(xi, ε/4) for t > t1.
Put γ1 := γ|[t1,1]. By (4.5), |γ1| ∩ B(xi, ε/2) 6= ∅ 6= |γ1| ∩ (D \ B(xi, ε/2)). Thus, by [11,
Theorem 1.I, Ch. 5, § 46], there exists t1 < t2 < 1 with γ(t2) ∈ S(xi, ε/2). We can consider
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that γ(t) ∈ B(xi, ε/2) for t < t2. Put γ2 := γ|[t1,t2]. So, γ2 is a subpath of γ, which belongs
to Γ(S(xi, ε/4), S(xi, ε/2), A(xi, ε/4, ε/2)). So, we have proved (4.8). Put
η(t) =
{
4/ε, t ∈ [ε/4, ε/2],
0, t 6∈ [ε/4, ε/2] .
Observe that η satisfies (1.2) for r1 = ε/4, r2 = ε/2. Now, by the definition of ring Q-
homeomorphism at xi
M(fmk(Γ(S(xi, ε/4), S(xi, ε/2)), A(xi, ε/4, ε/2))) 6 (4/ε)
n · ‖Q‖1 < c <∞ , (4.9)
where c is some positive constant, and ‖Q‖1 is L1-norm of the function Q in D. By (4.7),
(4.8) and (4.9), using subadditivity of modulus, we obtain that
M(fmk(Γk)) 6
4nM0
εn
∫
D
Q(x) dm(x) = c = c(ε,Q) <∞ . (4.10)
Let us to show that we obtain the contradiction of (4.10) with weakly flatness of the boundary.
Let U := Bh(y0, r0), where r0 > 0, r0 < min{δ/4, m0/4}, δ is a number from the condition
of the lemma, and h(K0) = m0. (Here h(K0) denotes the chordal diameter of a set E = K0,
see (1.3)). Notice, that |γk| ∩ U 6= ∅ 6= |γk| ∩ (D
′ \ U) for sufficiently large k ∈ N, because
the h(|γk|) > m0/2 > m0/4, yk ∈ |γk| and yk → y0 as k →∞. Similarly, fmk(A) ∩ U 6= ∅ 6=
fmk(A) ∩ (D
′ \ U). Since |γk| and fmk(A) are continua, we obtain that
fmk(A) ∩ ∂U 6= ∅, |γk| ∩ ∂U 6= ∅ , (4.11)
see [11, Theorem 1.I, Ch. 5, § 46]. Given P > 0, let V ⊂ U be a neighborhood of y0 from
the definition of a weakly flat boundary. Now
M(Γ(E, F,D ′)) > P (4.12)
for any continua E, F ⊂ D ′ with E∩∂U 6= ∅ 6= E∩∂V and F ∩∂U 6= ∅ 6= F ∩∂V. Observe
that
fmk(A) ∩ ∂V 6= ∅, |γk| ∩ ∂V 6= ∅ (4.13)
for sufficiently large k ∈ N. Indeed, yk ∈ |γk|, xk ∈ fmk(A), where xk, yk → y0 ∈ V as k →∞.
Therefore, |γk| ∩ V 6= ∅ 6= fmk(A) ∩ V for large k ∈ N. Besides that, h(V ) 6 h(U) 6 2r0 <
m0/2. By (4.3), h(|γk|) > m0/2, thus |γk| ∩ (D
′ \ V ) 6= ∅. Therefore, by [11, Theorem 1.I,
Ch. 5, § 46], |γk| ∩ ∂V 6= ∅.. Similarly, h(V ) 6 h(U) 6 2r0 < δ/2. Since h(fmk(A)) > δ,
we obtain that fmk(A) ∩ (D
′ \ V ) 6= ∅. By [11, Theorem 1.I, Ch. 5, § 46], we have that
fmk(A) ∩ ∂V 6= ∅. Now, (4.13) is proved.
By (4.11), (4.12) and (4.13), we obtain that
M(Γ(fmk(A), |γk|, D
′)) > P . (4.14)
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Notice, that Γ(fmk(A), |γk|, D
′) = fmk(Γ(A, gmk(|γk|), D)) = fmk(Γk). Thus, (4.14) can be
rewritten as
M(Γ(fmk(A), gmk(|γk|), D)) = M(fmk(Γk)) > P .
The relation obtained above contradicts (4.10). Thus, the assumption dist (fmk(A), ∂D
′) <
1/k was not true. The lemma is proved. ✷
Proof of Theorem 1.2. Let g ∈ Sδ,A,Q(D,D
′). Since D ′ has a weakly flat boundary, g
extends to a continuous mapping g : D ′ → D (see [12, Theorem 3], cf. [10, Theorem 4.6]).
Let us to verify the equality g(D ′) = D. Indeed, by definition, g(D ′) ⊂ D. It remains
to show the converse inclusion D ⊂ g(D ′). Let x0 ∈ D. Now, we show that x0 ∈ g(D ′). If
x0 ∈ D, then either x0 ∈ D, or x0 ∈ ∂D. If x0 ∈ D, then there is nothing to prove, since
by hypothesis g(D ′) = D. Let x0 ∈ ∂D. Now, there exist xk ∈ D and yk ∈ D
′ such that
xk = g(yk) and xk → x0 as k →∞. Since D ′ is compact, we may assume that yk → y0 ∈ D ′
as k → ∞. Since f = g−1 is a homeomorphism, y0 ∈ ∂D
′. Since g−1 is continuous in D ′,
g(yk)→ g(y0). However, in this case, g(y0) = x0, because g(yk) = xk and xk → x0 as k →∞.
Thus, x0 ∈ g(D ′). The inclusion D ⊂ g(D ′) is proved. Thus, D = g(D ′), as required.
The equicontinuity of Sδ,A,Q(D,D ′) in D
′ immediately follows from Theorem 1.1. It
remains to show that Sδ,A,Q(D,D ′) is equicontinuous at boundary points. We give the proof
by contradiction. Now, we can find a point z0 ∈ ∂D
′, a number ε0 > 0 and sequences
zm ∈ D ′, zm → z0 as m→∞ and gm ∈ Sδ,A,Q(D,D
′) such that
|gm(zm)− gm(z0)| > ε0, m = 1, 2, . . . . (4.15)
Put gm := gm|D ′. Since gm extends by continuity to the boundary of D
′, we may assume
that zm ∈ D
′ and, hence, gm(zm) = gm(zm). In addition, there exists z
′
m ∈ D
′, z ′m → z0 as
m → ∞, such that |gm(z
′
m)− gm(z0)| → 0 as m → ∞. Since D is bounded, D is compact.
Thus, we may assume that gm(zm) and gm(z0) are convergent sequences as m→∞. Assume
that gm(zm) → x1 and gm(z0) → x2 as m → ∞. By continuity of the modulus in (4.15),
x1 6= x2. Besides that, since homeomorphisms preserve a boundary, x2 ∈ ∂D. Let x1 and
x2 be arbitrary distinct points of the continuum A, none of which coincide with с x1. By
Lemma 2.1 we can join points x1 and x1 by the path γ1 : [0, 1] → D, and points x2 and x2
by the path γ2 : [0, 1] → D such that |γ1| ∩ |γ2| = ∅, γi(t) ∈ D for all t ∈ (0, 1), i = 1, 2,
γ1(0) = x1, γ1(1) = x1, γ2(0) = x2 and γ2(1) = x2. Since D is locally connected on ∂D, there
are neighborhoods U1 and U2 of x1 and x2, whose closures do not intersect, andWi := D∩Ui
are path-connected sets. Without loss of generality, we may assume that U1 ⊂ B(x1, δ0) and
B(x1, δ0) ∩ |γ2| = ∅ = U2 ∩ |γ1| , B(x1, δ0) ∩ U2 = ∅ , (4.16)
gm(zm) ∈ W1 and gm(z
′
m) ∈ W2 for each m ∈ N. Let a1 and a2 be arbitrary points belonging
to |γ1| ∩W1 and |γ2| ∩W2. Let t1, t2 be such that γ1(t1) = a1 and γ2(t2) = a2. We join a1 and
gm(zm) by a path αm : [t1, 1] → W1 such that αm(t1) = a1 and αm(1) = gm(zm). Similarly,
we join a2 and gm(z
′
m) by a path βm : [t2, 1] → W2, βm(t2) = a2 and βm(1) = gm(z
′
m) (see
Figure 3). Set
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Figure 3: To the proof of Theorem 1.2
C1m(t) =
{
γ1(t), t ∈ [0, t1],
αm(t), t ∈ [t1, 1]
, C2m(t) =
{
γ2(t), t ∈ [0, t2],
βm(t), t ∈ [t2, 1]
.
Denote, as usual, |C1m| and |C
2
m| are loci of paths C
1
m and C
2
m, respectively. Setting
l0 = min{dist (|γ1|, |γ2|), dist (|γ1|, U2)} ,
we consider the covering A0 :=
⋃
x∈|γ1|
B(x, l0/4). Since |γ1| is a compact, we can choose
1 6 N0 <∞ and points x1, . . . , xN0 ∈ |γ1| such that |γ1| ⊂ B0 :=
N0⋃
i=1
B(xi, l0/4). Now
|C1m| ⊂ U1 ∪ |γ1| ⊂ B(x1, δ0) ∪
N0⋃
i=1
B(xi, l0/4) .
Let Γm be a family of paths connecting |C
1
m| and |C
2
m| in D. Now,
Γm =
N0⋃
i=0
Γmi , (4.17)
where Γmi consists of all paths γ : [0, 1]→ D with γ(0) ∈ B(xi, l0/4)∩ |C
1
m| and γ(1) ∈ |C
m
2 |
for 1 6 i 6 N0. Similarly, Γm0 consists of all paths γ : [0, 1]→ D with γ(0) ∈ B(x1, δ0)∩|C
1
m|
and γ(1) ∈ |Cm2 |. By (4.16) there exists σ0 > δ0 > 0 such that
B(x1, σ0) ∩ |γ2| = ∅ = U2 ∩ |γ1| , B(x1, σ0) ∩ U2 = ∅ .
Arguing similarly to proof of Lemma 4.1, we can show that
Γm0 > Γ(S(x1, δ0), S(x1, σ0), A(x1, δ0, σ0)) ,
Γmi > Γ(S(xi, l0/4), S(xi, l0/2), A(xi, l0/4, l0/2)) . (4.18)
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Putting
η(t) =
{
4/l0, t ∈ [l0/4, l0/2],
0, t 6∈ [l0/4, l0/2] ,
η0(t) =
{
1/(σ0 − δ0), t ∈ [δ0, σ0],
0, t 6∈ [δ0, σ0] ,
and fm := g
−1
m , we obtain by (1.1) that
M(fm(Γ(S(x1, δ0), S(x1, σ0), A(x1, δ0, σ0)))) 6 (1/(σ0 − δ0))
n · ‖Q‖1 < c1 <∞ ,
M(fm(Γ(S(xi, l0/4), S(xi, l0/2), A(xi, l0/4, l0/2)))) 6 (4/(l0))
n · ‖Q‖1 < c2 <∞ , (4.19)
where c1 and c1 are some positive constants, not depending on m. We conclude from (4.17),
(4.18), (4.19) and subadditivity of modulus that
M(fm(Γm)) 6 (N0/l
n
0 + (1/(σ0 − δ0))
n)‖Q‖1 := c <∞ . (4.20)
From other hand, by Lemma 4.1, there is a number δ1 > 0 such that h(fm(A), ∂D
′) > δ1 > 0,
m = 1, 2, . . . . Thus,
h(fm(|C
1
m|)) > h(zm, fm(x1)) > (1/2) · h(fm(A), ∂D
′) > δ1/2 ,
h(fm(|C
2
m|)) > h(z
′
m, fm(x2)) > (1/2) · h(fm(A), ∂D
′) > δ1/2 (4.21)
for some M0 ∈ N and for all m > M0. Set U := Bh(z0, r0), where 0 < r0 < δ1/4 and δ1
is from (4.21). Notice, that fm(|C
1
m|) ∩ U 6= ∅ 6= fm(|C
1
m|) ∩ (D
′ \ U) for sufficiently large
m ∈ N, because h(fm(|C
1
m|)) > δ1/2 and zm ∈ fm(|C
1
m|), zm → z0 as m → ∞. Similarly,
fm(|C
2
m|) ∩ U 6= ∅ 6= fm(|C
2
m|) ∩ (D
′ \ U). Since fm(|C
1
m|) and fm(|C
2
m|) are continua,
fm(|C
1
m|) ∩ ∂U 6= ∅, fm(|C
2
m|) ∩ ∂U 6= ∅ , (4.22)
see, e.g., [11, Theorem 1.I, Ch. 5, § 46]. Since ∂D ′ is weakly flat, given P > 0, there exists
a neighborhood V ⊂ U of z0 such that
M(Γ(E, F,D ′)) > P (4.23)
for any continua E, F ⊂ D ′ with E ∩ ∂U 6= ∅ 6= E ∩ ∂V и F ∩ ∂U 6= ∅ 6= F ∩ ∂V. Observe
that
fm(|C
1
m|) ∩ ∂V 6= ∅, fm(|C
2
m|) ∩ ∂V 6= ∅ (4.24)
for sufficiently large m ∈ N.
Indeed, let zm ∈ fm(|C
1
m|), z
′
m ∈ fm(|C
2
m|), where zm, z
′
m → z0 ∈ V as m → ∞. Now,
fm(|C
1
m|) ∩ V 6= ∅ 6= fm(|C
2
m|) ∩ V for sufficiently large m ∈ N. In addition, h(V ) 6
h(U) 6 2r0 < δ1/2. Besides that, by (4.21) we obtain that h(fm(|C
1
m|)) > δ1/2. Thus,
fm(|C
1
m|) ∩ (D
′ \ V ) 6= ∅ and, consequently, fm(|C
1
m|) ∩ ∂V 6= ∅ (see [11, Theorem 1.I,
Ch. 5, § 46]). Similarly, h(V ) 6 h(U) 6 2r0 < δ1/2. By (4.21) h(fm(|C
2
m|)) > δ, thus
fm(|C
2
m|)∩(D
′\V ) 6= ∅. By [11, Theorem 1.I, Ch. 5, § 46] we have, that fm(|C
1
m|)∩∂V 6= ∅.
Thus, (4.24) is proved.
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By (4.22), (4.23) and (4.24), we obtain that
M(fm(Γm)) = M(Γ(fm(|C
1
m|), fm(|C
2
m|), D
′)) > P ,
which contradicts (4.20). The contradiction obtained above disproves the assumption made
in (4.15). The theorem is proved. ✷
5 Some examples
We begin with a simple example of mappings on the complex plane.
Example 1. As known, the linear-fractional automorphisms of the unit disk D ⊂ C onto
itself can be written by the formula f(z) = eiθ z−a
1−az
, z ∈ D, a ∈ C, |a| < 1, θ ∈ [0, 2pi). These
mappings f are ring 1-homeomorphisms; all the conditions of Theorem 1.2 are satisfied,
except the condition h(f(A)) > δ, which, in general, does not hold
If, for instance, θ = 0, a = 1/n, n = 1, 2, . . . , then fn(z) =
z−1/n
1−z/n
= nz−1
n−z
. Let A = [0, 1/2].
Now fn(0) = −1/n → 0 and fn(1/2) =
n−2
2n−1
→ 1/2 as n → ∞. Thus, fn satisfies the
condition h(fn(A)) > δ for δ = 1/4. We obtain, that f
−1
n (z) =
z+1/n
1+z/n
and, hence, f −1n
converge uniformly to f −1(z) ≡ z. Thus, the sequence f −1n (z) is equicontinuous in D.
Now, put f −1n (z) =
z−(n−1)/n
1−z(n−1)/n
= nz−n+1
n−nz+1
. It is easy to see, that f −1n converges locally
uniformly to −1 inside of D, whenever f −1n (1) = 1. Now, we conclude that f
−1
n is not
equicontinuous at 1. In this case, fn(z) =
z+(n−1)/n
1+z(n−1)/n
and the condition h(fn(A)) > δ does
not hold for any δ > 0 by Theorem 1.2.
Thus, under the hypotheses of Theorem 1.2, we can not refuse from the additional re-
quirement h(f(A)) > δ, in general.
Example 2. Let p > 1 be a number, such that n/p(n− 1) < 1. Put α ∈ (0, n/p(n− 1)).
We define a sequence of mappings fm : B
n → B(0, 2) of Bn onto the B(0, 2) in the following
way:
fm(x) =
{
1+|x|α
|x|
· x , 1/m 6 |x| 6 1,
1+(1/m)α
(1/m)
· x , 0 < |x| < 1/m .
Notice, that fm satisfies (1.1) for Q =
(
1+|x|α
α|x|α
)n−1
∈ L1(Bn) at every x0 ∈ Bn, see [7, proof
of Theorem 7.1]. By [14, Lemma 4.3], B(0, 2) has a weakly flat boundary. Observe that fm
fixes an infinite number of points of the unit ball for all m > 2.
By Theorem 1.2, the family G = {gm}
∞
m=1, gm := f
−1
m , is equicontinuous in B(0, 2).
Observe that the ”inverse” family F = {fm}
∞
m=1 is not equicontinuous in B
n. Indeed,
|fm(xm)− f(0)| = 1 + 1/m 6→ 0 as m→∞, where |xm| = 1/m).
The family G contains an infinite number of mappings gmk := f
−1
mk
, fmk ∈ F, that do not
satisfy the relation (1.1) with Q ∈ L1. Indeed, otherwise, by Theorem 1.1 ”the inverse” to G
family F must be equicontinuous in Bn.
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